We discuss the numerical solution of the time-fractional telegraph equation. The main purpose of this work is to construct and analyze stable and high-order scheme for solving the time-fractional telegraph equation efficiently. The proposed method is based on a generalized finite difference scheme in time and Legendre spectral Galerkin method in space. Stability and convergence of the method are established rigorously. We prove that the temporal discretization scheme is unconditionally stable and the numerical solution converges to the exact one with order O(τ
Introduction
In recent decades, fractional partial differential equations have attracted increasing interest mainly due to their potential applications in various realms of science and engineering [-]. The fractional telegraph equation, as a typical diffusion-wave equation, is commonly used in propagation of electrical signals [] , random walk theory [] , the neutron transport in nuclear reactor [] , and so on.
The fractional telegraph equation has been considered recently by several authors. Liu et al. [] considered the analytical solution of the time-fractional telegraph equation by the method of separating variables. Momani [] used the Adomian decomposition method to obtain analytic and approximate solutions of the space-and time-fractional telegraph equations. Huang [] provided the fractional Green function for the time-fractional telegraph equation by employing the Laplace and Fourier transforms. In [] , an analytical mathematical tool, the homotopy analysis method, is used to solve the time-fractional telegraph equation. Although many valuable works have been conducted on theoretical analysis, the obtained solutions of most fractional telegraph equations are not analytic. Therefore many researchers have studied numerical solution of the fractional telegraph equation. Hosseini et al. [] implemented a hybrid of the radial basis functions and finite difference scheme to achieve a semidiscrete solution of the time-fractional telegraph [] considered a finite difference method for the two-parameter fractional telegraph equation and obtained a stability condition of the numerical method. Wei [] developed a fully discrete local discontinuous Galerkin finite element method for numerical simulation of the time-fractional telegraph equation. Although many authors have studied the numerical solution of the fractional telegraph equation, they did not strictly prove the unconditional stability and convergence in time direction.
In this paper, we study the method resulting from a generalized finite difference method for the temporal discretization and a Legendre spectral Galerkin method for the spatial discretization of the following time-fractional telegraph problem:
where  < α <  is a parameter describing the fractional derivative with respect to time, = [a, b] is a bounded closed interval in R, β, λ are positive constants in R, and f (x, t), u  (x), and u  (x) are given smooth functions. The time-fractional derivative in (.) uses the Caputo fractional partial derivative of order α defined as follows:
where is the gamma function. Obviously, if  < α < , then  < α +  < , so
The rest of the paper is organized as follows. In the next section, the temporal discretization scheme of the time-fractional telegraph equation and its stability and convergence are discussed. In Section , we derive a full discretization scheme of the time-fractional telegraph equation and obtain error estimates. Numerical experiments are carried out in Section , which verify the effectiveness of our method and support the theoretical analysis. The last section is the concluding remarks.
Discretization in time: a generalized finite difference scheme
First, we introduce a generalized finite difference approximation to discretize the timefractional derivative. Let t k := kτ , k = , , . . . , K , where τ = T K is the time step. To motivate the construction of the scheme, we define the sequence
and introduce the following lemmas [] .
To motivate the construction of the time-discrete scheme, we use the following functions:
Introduce the following notation:
Then we have
and there exists a constant C  such that |r
By Lemma . we have
and there exist constants C  andC  such that |r
where
Dropping the truncation error R k-/ in (.), we can easily get the the variation (weak)
For the semidiscrete problem, we have the following result.
Theorem . The semidiscrete problem (.) is unconditionally stable in the sense that, for all τ ≥ ,
where n = , , . . . , K , and C =
We first sum both sides of (.) for k from  to n, and then, using Lemma . and the Cauchy-Schwarz inequality for the first term of the left-hand side of (.), we obtain
The third term can be written as
Similarly, the second term can be written as
Using the Young inequality for the right-hand side of (.), we have
From (.)-(.) we get the following relation:
Denoting A := max{β, γ } and B := min{β, γ }, we have
Multiplying both sides of this inequality at τ B
, we obtain
The proof is completed. 
Summing up for k from  to n and using Lemma ., we obtain
In addition, similarly to the proof of Theorem ., we can write the following relations:
From (.)-(.) we obtain the following relation:
From (.) we can find a constant C := C  (-α)
C  , the theorem is proved.
Full discretization
To simplify the notation, let = (-, ). The Galerkin spectral discretization proceeds by approximating the solution by polynomials of high degree. To this end, we denote by P N ( ) the space of all polynomials of degree ≤ N with respect x. Then the discrete space, denoted by P 
For all {u The following projection estimation is well known:
the solution of the semidiscrete problem (.). Then there exists a constant C such that
Proof Using the triangle inequality, Lemma ., and relation (.), we easily obtain that 
Proof Subtracting (.) from (.) and using (.) give
To simplify the function, we let φ
Similarly to the proof of Theorem ., we can write the following relations:
Similarly to (.) we obtain
From the triangle inequality and (.) we obtain
The proof of the theorem is completed.
be the exact solution of (.), and {u
Proof From Theorem ., Theorem ., and the triangle inequality we obtain
where {u 
Numerical examples

Implementation
Before numerical experiments, in this subsection, we briefly introduce an implementation. Let L i (x) be the ith-degree Legendre polynomial. They are mutually orthogonal in
that is,
where δ ij is the Kronecker delta symbol.
One useful property of the Legendre polynomials is
which gives the relation
It is easy to verify that, for N ≥ ,
Then, scheme (.) leads to the following linear system:
Using the orthogonality of Legendre polynomials, we can easily determine that the matrix M is pentadiagonal and P is diagonal. We easily obtain: Hence, at each time step, we obtain a system of linear algebraic equations with different right-hand-side vectors. The matric in the left-hand side of (.) is banded, and the linear system (.) can be easily solved.
Numerical results
In this subsection, we carry out two numerical experiments and present some results to confirm our theoretical statements. The main purpose is to check the convergence behavior of the numerical solution with respect to the time step size τ and polynomial degree N used in the calculation. Here, all the calculations are carried out in Matlab. u(x, t) = t  sin(πx).
It can be checked that the corresponding forcing term, initial condition, and boundary condition are respectively
We solve this example using the proposed method with several values of τ , N , and α. Table  Example  The proposed method also can be used to solve another kind of timefractional telegraph equation:
with exact solution
It can be checked that the corresponding forcing term, initial condition, and boundary condition are respectively 
